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Abstract
It is shown that for an approximate homomorphism f :J → B of a JB∗-triple J into a JB∗-triple
B, there exists a unique ∗-homomorphism H :J → B near the approximate homomorphism.
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1. Introduction
Our knowledge concerning the continuity properties of epimorphisms on Banach al-
gebras, Jordan–Banach algebras, and, more generally, nonassociative complete normed
algebras, is now fairly complete and satisfactory (see [3,6,7]). A basic continuity prob-
lem consists in determining algebraic conditions on a Banach algebra A which ensure that
derivations on A are continuous. In 1996, Villena [7] proved that derivations on semisimple
Jordan–Banach algebras are continuous. In [3], the authors dealt with derivations acting on
Banach–Jordan pairs.
Let E1 and E2 be Banach spaces with norms || · || and ‖ · ‖, respectively. Consider
f : E1 → E2 to be a mapping such that f (tx) is continuous in t ∈ R for each fixed x ∈ E1.
Assume that there exist constants θ  0 and p ∈ [0,1) such that
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for all x, y ∈ E1. Rassias [5] showed that there exists a unique R-linear mapping
T : E1 → E2 such that∥∥f (x) − T (x)∥∥ 2θ
2 − 2p ||x||
p
for all x ∈ E1. Ga˘vruta [1] generalized the Rassias’ result, and Park [4] applied the Ga˘vru-
ta’s result to linear functional equations in Banach modules over a C∗-algebra.
Throughout this paper, let J and B be JB∗-triples with norms || · || and ‖·‖, respectively.
In this paper, we prove that for an approximate homomorphism f : J → B of a JB∗-
triple J into a JB∗-triple B, there exists a unique ∗-homomorphism H : J → B near the
approximate homomorphism.
2. Stability of ∗-homomorphisms on JB∗-triples
The original motivation to introduce the class of nonassociative algebras known as Jor-
dan algebras came from quantum mechanics (see [6]). Let H be a complex Hilbert space,
regarded as the “state space” of a quantum mechanical system. Let L(H) be the real vec-
tor space of all bounded self-adjoint linear operators on H, interpreted as the (bounded)
observables of the system. In 1932, Jordan observed that L(H) is a (nonassociative) al-
gebra via the anticommutator product x ◦ y := xy+yx2 . A commutative algebra X with
product x ◦ y (not necessarily given by an anticommutator) is called a Jordan algebra if
x2 ◦ (x ◦ y) = x ◦ (x2 ◦ y) holds.
A complex Jordan algebra B with product x ◦ y, unit element e and involution x → x∗
is called a JB∗-algebra if B carries a Banach space norm ‖ ·‖ satisfying ‖x ◦y‖ ‖x‖ ·‖y‖
and ‖{xx∗x}‖ = ‖x‖3. Here {xy∗z} := x ◦ (y∗ ◦ z)− y∗ ◦ (z ◦ x)+ z ◦ (x ◦ y∗) denotes the
Jordan triple product of x, y, z ∈ B.
The Jordan triple product of a JB∗-algebra leads to a more general algebraic structure,
which turns out to be appropriate for most applications to analysis: the so-called Jordan
triple systems. Suppose J is a complex vector space endowed with a real trilinear compo-
sition
J ×J ×J  (x, y, z) → {xy∗z} ∈ J ,
which is complex bilinear in (x, z) and conjugate linear in y. Then J is called a Jordan
triple system if {xy∗z} = {zy∗x} and{{xy∗z}u∗v}+ {{xy∗v}u∗z}− {xy∗{zu∗v}}= {z{yx∗u}∗v}
hold.
We are interested in Jordan triple systems having a Banach space structure. A complex
Jordan triple system J with a Banach space norm ‖ · ‖ is called a J ∗-triple if, for every
x ∈ J , the operator x  x∗ is hermitian in the sense of Banach algebra theory. Here the
operator x  x∗ on J is defined by (x  x∗)y := {xx∗y}. This implies that x  x∗ has
real spectrum σ(x  x∗) ⊂ R. A J ∗-triple J is called a JB∗-triple if every x ∈ J satisfies
σ(x  x∗) 0 and ‖x  x∗‖ = ‖x‖2.We are going to show the Cauchy–Rassias stability of ∗-homomorphisms on JB∗-triples.
C.-G. Park / J. Math. Anal. Appl. 306 (2005) 375–381 377Theorem 1. Let f : J → B be a mapping with f (0) = 0 for which there exists a function
ϕ : J ×J ×J → [0,∞) such that
(i) ϕ˜(x, y, z) :=
∞∑
j=0
3−j ϕ
(
3j x,3j y,3j z
)
< ∞,
(ii) ∥∥Dµf (x, y, z)∥∥ := ∥∥f (µ(x + y + z))− µ(f (x) + f (y) + f (z))∥∥ ϕ(x, y, z),
(iii) ∥∥f (x∗) − f (x)∗∥∥ ϕ(x, x, x),
(iv) ∥∥f ({xy∗z})− {f (x)f (y)∗f (z)}∥∥ ϕ(x, y, z)
for all µ ∈ T1 := {λ ∈ C | |λ| = 1} and all x, y, z ∈ J . Then there exists a unique
∗-homomorphism H : J → B such that
(v) ∥∥f (x) − H(x)∥∥ 1
3
ϕ˜(x, x, x)
for all x ∈ J .
Proof. Put µ = 1 ∈ T1. Replacing y and z by x in (ii), we get∥∥f (3x) − 3f (x)∥∥ ϕ(x, x, x)
for all x ∈ J . So one can obtain that∥∥∥∥f (x) − 13f (3x)
∥∥∥∥ 13ϕ(x, x, x),
and hence∥∥∥∥ 13n f
(
3nx
)− 1
3n+1
f
(
3n+1x
)∥∥∥∥ 13n+1 ϕ
(
3nx,3nx,3nx
)
for all x ∈ J . So we get
∥∥∥∥f (x) − 13n f
(
3nx
)∥∥∥∥ 13
n−1∑
l=0
1
3l
ϕ
(
3lx,3lx,3lx
) (1)
for all x ∈ J .
Let x be an element in J . For positive integers n and m with n > m,
∥∥∥∥ 13n f
(
3nx
)− 1
3m
f
(
3mx
)∥∥∥∥ 13
n−1∑
l=m
1
3l
ϕ
(
3lx,3lx,3lx
)
,
which tends to zero as m → ∞ by (i). So { 13n f (3nx)} is a Cauchy sequence for all x ∈ J .
Since B is complete, the sequence { 13n f (3nx)} converges for all x ∈ J . We can define a
mapping H : J → B by
H(x) = lim
n→∞
1
3n
f
(
3nx
) (2)
for all x ∈ J .
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∥∥D1H(x,y, z)∥∥= lim
n→∞
1
3n
∥∥D1f (3nx,3ny,3nz)∥∥ lim
n→∞
1
3n
ϕ
(
3nx,3ny,3nz
)= 0
for all x, y, z ∈ J . Hence D1H(x,y, z) = 0 for all x, y, z ∈ J . So one obtains that H(x +
y + z) = H(x) + H(y) + H(z) for all x, y, z ∈ J . It follows from (2) and f (0) = 0 that
H(0) = 0. Thus H is additive. Moreover, by passing to the limit in (1) as n → ∞, we get
the inequality (v).
Now let S : J → B be another additive mapping satisfying
∥∥f (x) − S(x)∥∥ 1
3
ϕ˜(x, x, x)
for all x ∈ J .
∥∥H(x) − S(x)∥∥= 1
3l
∥∥H (3lx)− S(3lx)∥∥
 1
3l
∥∥H (3lx)− f (3lx)∥∥+ 1
3l
∥∥f (3lx)− S(3lx)∥∥
 2
3
1
3l
ϕ˜
(
3lx,3lx,3lx
)
,
which tends to zero as l → ∞ by (i). Thus H(x) = S(x) for all x ∈ J . This proves the
uniqueness of H .
By the assumption, for each µ ∈ T1,∥∥f (3nµx)− 3µf (3n−1x)∥∥ ϕ(3n−1x,3n−1x,3n−1x)
for all x ∈ J . And one can show that∥∥µf (3nx)− 3µf (3n−1x)∥∥ |µ| · ∥∥f (3nx)− 3f (3n−1x)∥∥
 ϕ
(
3n−1x,3n−1x,3n−1x
)
for all µ ∈ T1 and all x ∈ J . So∥∥f (3nµx)− µf (3nx)∥∥ ∥∥f (3nµx)− 3µf (3n−1x)∥∥
+ ∥∥3µf (3n−1x)− µf (3nx)∥∥
 ϕ
(
3n−1x,3n−1x,3n−1x
)+ ϕ(3n−1x,3n−1x,3n−1x)
for all µ ∈ T1 and all x ∈ J . Thus 3−n‖f (3nµx) − µf (3nx)‖ → 0 as n → ∞ for all
µ ∈ T1 and all x ∈ J . Hence
H(µx) = lim
n→∞
f (3nµx)
3n
= lim
n→∞
µf (3nx)
3n
= µH(x)
for all µ ∈ T1 and all x ∈ J .
Now let λ ∈ C (λ 
= 0) and M an integer greater than 4|λ|. Then | λ
M
| < 14 < 1 − 23 = 13 .
By [2, Theorem 1], there exist three elements µ1,µ2,µ3 ∈ T1 such that 3 λM = µ1 +
µ2 + µ3. And H(x) = H(3 · 13x) = 3H( 13x) for all x ∈ J . So H( 13x) = 13H(x) for all
x ∈ J . Thus
C.-G. Park / J. Math. Anal. Appl. 306 (2005) 375–381 379H(λx) = H
(
M
3
· 3 λ
M
x
)
= M · H
(
1
3
· 3 λ
M
x
)
= M
3
H
(
3
λ
M
x
)
= M
3
H(µ1x + µ2x + µ3x) = M3
(
H(µ1x) + H(µ2x) + H(µ3x)
)
= M
3
(µ1 + µ2 + µ3)H(x) = M3 · 3
λ
M
H(x)
= λH(x)
for all x ∈ J . Hence
H(ζx + ηy) = H(ζx) + H(ηy) = ζH(x) + ηH(y)
for all ζ, η ∈ C (ζ, η 
= 0) and all x, y ∈ J . And H(0x) = 0 = 0H(x) for all x ∈ J . So the
unique additive mapping H : J → B is a C-linear mapping.
It follows from (i) and (iii) that
H(x∗) = lim
n→∞
f (3nx∗)
3n
= lim
n→∞
(f (3nx))∗
3n
=
(
lim
n→∞
f (3nx)
3n
)∗
= H(x)∗
for all x ∈ J .
Now it follows from (iv) that
3−3n
∥∥f ({3nx(3ny)∗3nz})− {f (3nx)f (3ny)∗f (3nz)}∥∥ 1
33n
ϕ
(
3nx,3ny,3nz
)
(3)
for all x, y, z ∈ J . But ∑∞j=0 3−3j ϕ(3j x,3j y,3j z) ∑∞j=0 3−j ϕ(3j x,3j y,3j z) for all
x, y, z ∈ J . By (2), we get
H(x) = lim
n→∞
1
33n
f
(
33nx
) (4)
for all x ∈ J . So by (3) and (4),
H
({xy∗z})= lim
n→∞
f ({33nxy∗z})
33n
= lim
n→∞
{f (3nx)f (3ny)∗f (3nz)}
3n · 3n · 3n
=
{
lim
n→∞
f (3nx)
3n
(
lim
n→∞
f (3ny)
3n
)∗
lim
n→∞
f (3nz)
3n
}
= {H(x)H(y)∗H(z)}
for all x, y, z ∈ J . Hence the additive mapping H : J → B is a ∗-homomorphism satisfy-
ing the inequality (v), as desired. 
Corollary 2. Let f : J → B be a mapping with f (0) = 0 for which there exist constants
θ  0 and p ∈ [0,1) such that∥∥f (µ(x + y + z))− µf (x) − µf (y) − µf (z)∥∥ θ(||x||p + ||y||p + ||z||p),∥∥f (x∗) − f (x)∗∥∥ 3θ ||x||p,∥ ( ) { }∥ ( )∥f {xy∗z} − f (x)f (y)∗f (z) ∥ θ ||x||p + ||y||p + ||z||p
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such that∥∥f (x) − H(x)∥∥ 3θ
3 − 3p ||x||
p
for all x ∈ J .
Proof. Define ϕ(x, y, z) = θ(||x||p + ||y||p + ||z||p), and apply Theorem 1. 
Corollary 3. Let f : J → B be a mapping satisfying f ({xy∗z}) = {f (x)f (y)∗f (z)} and
f (0) = 0 for which there exists a function ϕ : J ×J ×J → [0,∞) satisfying (i), (ii), and
(iii). Then there exists a unique ∗-homomorphism H : J → B satisfying the inequality (v).
Proof. The condition that f ({xy∗z}) = {f (x)f (y)∗f (z)} satisfies the inequality (iv).
Hence there exists a unique ∗-homomorphism H : J → B satisfying the inequality (v),
as desired. 
Theorem 4. Let f : J → B be a mapping with f (0) = 0 for which there exists a function
ϕ : J ×J ×J → [0,∞) satisfying (i), (iii), and (iv) such that
(vi) ∥∥f (µ(x + y + z))− µ(f (x) + f (y) + f (z))∥∥ ϕ(x, y, z)
for µ = 1, i, and all x, y, z ∈ J . If f (tx) is continuous in t ∈ R for each fixed x ∈ J , then
there exists a unique ∗-homomorphism H : J → B satisfying the inequality (v).
Proof. Put µ = 1 in (vi). By the same reasoning as in the proof of Theorem 1, there exists
a unique additive mapping H : J → B satisfying the inequality (v). By the same reasoning
as in the proof of [5, Theorem], the additive mapping H : J → B is R-linear.
Put µ = i in (vi). By the same method as in the proof of Theorem 1, one can obtain that
H(ix) = lim
n→∞
f (3nix)
3n
= lim
n→∞
if (3nx)
3n
= iH(x)
for all x ∈ J .
For each element λ ∈ C, λ = s + it , where s, t ∈ R. So
H(λx) = H(sx + itx) = sH(x) + tH(ix) = sH(x) + itH(x) = λH(x)
for all λ ∈ C and all x ∈ J . So
H(ζx + ηy) = H(ζx) + H(ηy) = ζH(x) + ηH(y)
for all ζ, η ∈ C, and all x, y ∈ J . Hence the additive mapping H : J → B is C-linear.
The rest of the proof is the same as in the proof of Theorem 1. 
Corollary 5. Let f : J → B be a mapping satisfying f ({xy∗z}) = {f (x)f (y)∗f (z)} and
f (0) = 0 for which there exists a function ϕ : J × J × J → [0,∞) satisfying (i), (iii),
and (vi). If f (tx) is continuous in t ∈ R for each fixed x ∈ J , then there exists a unique
∗-homomorphism H : J → B satisfying the inequality (v).
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∗-mapping H : J → B satisfying the inequality (v).
The rest of the proof is the same as in the proof of Corollary 3. 
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